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CONCERNING GREEN’S THEOREM AND THE CAUCHY-RIEMANN 
DIFFERENTIAL EQUATIONS 


By M. B. Porter 


ConsIvER a region /?, bounded by a continuous closed curve C, and lying 
between the lines y = a and y= 0b. Ifthe curve C is such that lines parallel 
to the x-axis cut it in only a finite number of points we shall show that : 

If f(xy) and fi(xy) be defined for all those points within R lying on 


the lines y = y,, where the points y, are everywhere dense in (ab), and if, 


S (sy) being defined for all points of CU, the integrals | T(xy)dy* and 
c 
| J Si(xy)dxdy exist in Riemann’s sense, then 
R 


[feniy= | [reneedy (1) 


It will suffice to give the proof in the case y = y, cuts C in at most two 
points x, 2,. 
We have by definition, 


[ren = lim =| Fen) ~ Sean) | Yes v;, = %,. 
But 
SI (% Yu) —F(% Yu) =F (%i Ye) —F (Hi 41 Ye) +S (Hi 2 Ye) —T(%i4e Ye) Hee 
+ f(®,—1 Ye) —F(% Ye) 


identically, which on applying the Mean Value Theorem becomes : 


SUH, YA +S Ei Ye AMer He $+ SW YAU, 


where a<a<2,,, and Azvy,=2,,,—42%,, 

so that 
I. f(xy)dy = Jim Zpd fl(xly,) Ax, Ayp- (2) 
JC ' 








*For a curve of type C, or more generally for any curve whose ordinate y = ¢(¢) is a con- 
tinuous function of limited variation of t, a sufficient condition for the existence of this integral 
is that f(xy) be continuous on C. Cf. Vallée-Poussin: Cours d’ Analyse, I, p. 313. 
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The right-hand side is, by hypothesis, equal to | | J) (xy) dx dy, which 
proves equation (1). 7 

In case y = ¥, cuts C’ in 2m points we should arrive at (2) by applying 
the identity and Mean Value Theorem to each of the m segments of y=% 
lying inside of C. 

We have hitherto supposed that f, was limited in #. If we suppose 
however that |f/(ry)| < A on the lines y = ¥, but becomes infinite for 
point sets lying on lines y = y, of the set complementary to [y,] in (ah), 
then (1) will still hold if f/(2y) be improperly integrable over 2. 

The proof is simple: Since the point set over which f{ becomes infinite 
must be of content zero, if we write (2) in the form 


[fend = lim a2’ Ss; (x) yy.) Ax, Ay, + lim >>” Si (aliyn,) Ax, AY, 
Cc 


where the second double sum applies to those rectangles in which 7 becomes 
infinite and the first applies to the remaining rectangles, we see that the second 
limit will be zero since |f/(x) y,)| < K while the first will be the improper 


integral | | {idx dy. 
R 


In conclusion we note that if the theory of analytic functions be founded 
on the Cauchy-Riemann differential equations 


to establish the fundamental relation 
fo + w)(dzx + idy) =0 | + Ww =s(2) |; 
by 


it will suffice to postulate that u and v are single valued and continuous and 
that the derivatives in (3) are limited, integrable, and detined over sets of 
parallel lines x = [x,], y = [y,] which are everywhere dense in the region. 
The existence of f(z) need not be postulated for any point of the region. 


/ 


w= 8 


(3) 
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ON THE SINGULARITIES OF TORTUOUS CURVES 
By PauL SAavurEL 


Tue different singularities which a tortuous curve may present have been 
classified by von Staudt ;* and Wiener,f by simple geometrical considerations, 
has determined the character of the projections of these singularities upon 
various planes. The analytical side of the question has also received attention 
and very complete discussions have been given by Fine,{ by Staude,§ and by 
Meder.|| But the results of these investigations have not yet been stated in 
the simplest terms. The following simple way of obtaining and of stating the 
analytical characteristics of the various types of singular points may accord- 
ingly be of interest. 

1. We shall begin by considering a plane curve and we shall suppose that 
the coordinates x and y of a point on this curve are given by series of integral 
powers of a parameter ¢, convergent within a certain interval. We shall sup- 
pose, moreover, that to two different values of ¢ within the interval there cor- 
respond two different points of the curve. 


* Geometrie der Lage, p. 110; 1847. 
t Zeitschrift far Mathematik und Physik, vol. 25, p. 95; 1880. 
t American Journal of Mathematics, vol. 8, p. 156; 1886. 
§ American Journal of Mathematics, vol. 17, p. 359; 1895. 
| Journal jar die reine und angewandte Mathematik, vol. 116, pp. 50, 247; 1896. 


(3) 
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Let us take the point under consideration as the origin of coordinates and 
let us suppose that to this point corresponds the value zero of the parameter. 
The curve, in the neighborhood of the origin, is accordingly defined by the 


equations 
x= atP+.--, y= ti +--+, (1) 


in which the dots indicate higher powers of ¢, and a and 6 denote positive 
constants. 
The straight line through the origin and the neighboring point ¢ is given 
by the equation 
x y 
ea (2) 
As ¢ approaches zero this line approaches as a limiting position the tangent to 
the curve at the origin. If we suppose the tangent at the origin to be the x 
axis, the above equation must approach the form y = 0. From this it follows 
at once that 
p<: (3) 


To classify the various kinds of singular points, von Staudt considers the 
motion of a point which describes the curve and the rotation of the tangent 
line which accompanies the tracing point. At any given point of the curve 
the tracing point may either continue its motion in the same direction or it may 
stop and begin to move in the opposite direction. The tangent also may 
either continue to rotate in the same direction about the tracing point or it 
may stop and begin to turn in the opposite direction. By combining each of 
the possible motions of the tracing point with each of the possible motions of 
the tangent line we obtain the following four types of points : 


1. point continues, tangent continues ; 
2. point continues, tangent stops ; 


. : 4 
3. point stops, tangent continues ; (*) 
4. point stops, tangent stops. 


If the tracing point continues its motion, x will change sign with ¢; p 
must therefore be odd. If, on the contrary, the tracing point stops, x will 
keep its sign while ¢ changes from positive to negative ; p must therefore 
be even. 
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If the tangent continues its rotation, the line joining the origin with a 
neighboring point on the curve will, for small positive values of ¢, pass 
through the first and third quadrants while, for small negative values of ¢, it 
will pass through the second and fourth quadrants. From equation 2 it follows 
that, in this case, p + q will be odd. If, on the contrary, the tangent stops and 
begins to turn in the opposite direction, the line joining the origin with a 
neighboring point of the curve will pass through the first and third quadrants 
for small positive or negative values of ¢. From equation 2 it follows that, in 
this case, p + q will be even. 

We have accordingly the following analytical characteristics of the four 
types of points: * 

P< 
1. p odd, q even ; 
2. p odd, q odd ; 
3. peven, gqodd; 
4. peven, gq even. 


(9) 


The following equations are the simplest that can be written for each of 
the four classes of points. The accompanying sketches show the forms of the 
curves in the immediate neighborhood of the origin. 


lL wa, y = &; 
2. a2=t, y = ©; 

(6) 
3. z=, y=u &; 


kaA 


4. r=F?, y= & + . 


2. We next consider a curve inspace. If we take the point under con- 
sideration as the origin, and if we suppose that to this point corresponds the 
value zero of the parameter, we may write the equations of the curve in the 


form 
x-atv4+..., y= Ot? +---, 2= Ch +..-, (7) 


in which the dots indicate higher powers of ¢, and a, b, ¢ denote positive con- 
stants. 





* Cf. Jordan, Cours d analyse, vol. 1, p. 400; 1893. 
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The straight line through the origin and the neighboring point ¢ is given 
by the equations 
xv y 2 


ot, en a. ae g 
OP ass: eae Ee Ser (8) 


As t approaches zero, this line approaches as a limiting position the tangent 
to the curve at the origin. If we suppose the tangent at the origin to be the 
x axis, the above equations must reduce to y=0,2z=0. From this it 
follows that 


Pp<4 p<. (9) 
The plane through the z axis and a point ¢ is given by the equation 


y 2 
7 a ar +. : (10) 


As ¢ approaches zero, this plane approaches as a limiting position the osculat- 
ing plane at the origin. If we suppose the osculating plane at the origin to 
be the vy plane, the above equation must reduce toz=0. From this it 
follows that 

q<r. (11) 


To classify the various kinds of singular points, von Staudt considers the 
motion of a tracing point which describes the curve, the rotation in the oscu- 
lating plane of the tangent which accompanies the point, and the rotation of 
the osculating plane about the tangent. At any given point, each of these 
elements, point, line, and plane, may either continue its motion in the same 
direction or may stop and begin to move in the opposite direction. There 
thus arise the following eight types of points: 





point continues, tangent continues, plane continues ; 


2. point continues, tangent continues, plane stops ; 


3. point continues, tangent stops, plane continues ; 

4. point continues, tangent stops, plane stops ; (2 
5. point stops, tangent continues, plane continues ; 2) 
6. point stops, tangent continues, plane stops ; 

7. point stops, tangent stops, plane continues ; 


8. point stops, tangent stops, plane stops. 
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If the tracing point continues its motion, x will change sign with ¢; p 
must therefore be odd. If, on the contrary, the tracing point stops, x will 
keep its sign while ¢ changes from positive to negative ; p must therefore be 
even. 

If the tangent continues to rotate in the same direction, the line joining 
the origin with the point in the xy plane which is the projection of the point 
¢t of the curve will, for positive values of ¢, lie in the first and third quadrants 
of the xy plane, and for negative values of ¢ in the second and fourth quad- 
rants. From the first of equations 8 it follows that p + q must be odd. If, 
on the contrary, the tangent stops and begins to turn in the opposite direc- 
tion, the line in the zy plane will pass through the first and third quadrants 
for positive and negative values of ¢. Accordingly, in this case, p + g must 
be even. 

If the osculating plane continues to revolve in the same direction, so will 
the plane given by equation. 10; so also will the intersection of this plane 
with the yz plane. From equation 10 it follows that ¢ + 7 must be odd. If, 
on the contrary, the osculating plane stops, equation 10 shows that g + r 
must be even. 

The characteristics of each of the eight types are accordingly given by 
the following table : 


Pp < q <T35 
1. p odd, q even, r odd ; 
2. podd, q even, r even: 
3. p odd, q odd, r even; 
1. p odd, q odd, r odd ; , 
; (13) 
5. peven, gq odd, r even ; 
6. peven, gq odd, r odd ; 
7. peven,  q even, r odd ; 
3. p even, q even, r even. 


The equations 14, below, are the simplest that can be written for each of 
the eight kinds of points. By means of them the character of the projections 
of the singularities upon the coordinate planes can be determined. The ac- 
companying sketches give the projections upon planes parallel respectively to 
the normal plane, the rectifying plane, and the osculating plane ; the letters 
T, N, B indicate lines parallel respectively to the tangent, the principal 
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normal, and the binormal of the curve. 


























l «=t, y=, z2=6; 

% «=f, ga, sa f +6; (14a) 
3. 2=t, xy=F, =; 

4 «#=t, y=uf, z=; 

8 B 8B 5 
aoe scope tiie aa 
aa TA OSPR 
5. n=l, y=, z=t+; 
6 raf, y= FP, c=7's 


Ps (146) 





Meee a errs eg 
roo ae ee 











Equations 14 also show that the eight types of singular points corre- 
spond to the eight possible ways in which a moving point, which has reached 
the origin from the first octant, may proceed ; it may continue its path into 
any one of the eight octants.* 


3. The preceding results can be extended to a space of any number of 


dimensions. If 
xr, = a,j L & 8 wie += 1, ZB, 2 +o. R, (15) 


be the equations of a curve in a space of n dimensions, and if z,=24,=-.- - 
= £, = 0 be the equations of the tangent line, x, =27,=---=2, = 0 the 


* Klein, Anwendung der Dijjerential- und Integralrechnung auf Geometric, p. 439 ; 1902. 
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equations of the osculating plane, x, = x, = - - - = x, = 0 the equations of the 
osculating space of three dimensions, and, in general, x;,, = Ligg--: 
= x, = 0 the equations of the osculating space of ¢ dimensions, then p; < p; +, 
and the motion of the osculating space of ¢ dimensions persists or reverses 
according as p; + p;,, is odd or even. Each type of singular points is char- 
acterized by the distribution of the odd and the even numbers in the series of 
p’s, and the number of types is 2". 


New York, Marcu,j1905. 
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ON THE TWIST OF A TORTUOUS CURVE 
By Pau. SAUREL 


To explain what we shall understand by the expression twist ofa tortuous 
curve, let us suppose that at any given point of a curve the tangent, the 
principal normal, and the binormal have been drawn. We shall imagine that 
a moving point describes the curve and we shall take as the positive direction 
of the tangent the direction of the motion of the tracing point as it passes 
through the given point. As the tracing point continues its motion it will 
detach itself from the rectifying plane ; we shall take as the positive end of the 
principal normal the end which lies on the same side of the rectifying plane as 
the moving point in its new position. Finally, we shall choose the positive 
direction of the binormal so that the tangent, the principal normal, and the 


binormal shall form a set of rectangular axes congruent with the axes of 


reference. 


As the moving point passes through the given point it will detach itself 


from the osculating plane. If its new position be on the same side of the 
osculating plane as the positive end of the binormal, we shall say that the 
twist of the curve at the given point and for the given motion of the tracing 
point is positive ; if, on the contrary, the new position of the tracing point be 
on the same side of the osculating plane as the negative end of the binormal, 
we shall say that the twist of the curve at the given point and for the given 
motion of the tracing point is negative. 

If we suppose that the coordinates Y, )', Z of a point on the curve are 
given by series of integral powers of a parameter ¢, convergent within a cer- 
tain interval, we may write 


(1) 
. F al . " , ”" P 2" 
A=2+vt+ ie Y=y+vyl +o @4sr.... Zoz4+2t4 ie 


in which x, y, z denote the coordinates of the point which corresponds to the 
value zero of the parameter and 2’, y’', 2’, 2”, y", 2", --+ are the successive 
derivatives of the coordinates for that point. In the following discussion we 
shall suppose that the tracing point moves in the direction in which ¢ in- 
creases. 

(10) 
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The tangent at the point x, y, z is defined as the limiting position of the 
line which joins x, y, 2 with a neighboring point of the curve. From this it 
follows that the equations of the tangent are 


N-—-2 Y-y Z-2z 
=>. (2) 


xP yp ZP 





in which x”, y”, 2? denote the first set of derivatives which is not identically 
equal to zero. The direction cosines of the positive end of the tangent are 
equal to these three derivatives multiplied by the same positive number. 

The osculating plane of the curve at the point x, y, z is defined as the 
limiting position of the plane which passes through the tangent at x, y, z anda 
neighboring point of the curve. From this it follows that the equation of the 
osculating plane is 

(|VY-—w7 Y-y dated 
| ap y? 2 (= 0, (3) 


ant y! 2 | 


in which g > p and a, y’, 24 denote the first set of derivatives which are not 
proportional to 2”, y?, 2”. We take as the positive end of the binormal the 
end whose direction cosines are equal to 


yP2t — zPy9, 2Px7 — xPzI, Py? — yPxd, (4) 
multiplied by the same positive number. 

Since the tangent, the principal normal, and the binormal are to form a 
set of axes congruent with the axes of reference, the direction cosines of the 
positive end of the principal normal must be equal to the determinants 

2Pxd — Pz xPyt — yPxt | xPyt — yPxd yPzt — zPyd 

y zP 7 zp xP ‘ 


| , (5) 
multiplied by the same positive number. The equation of the rectifying plane 
will accordingly be : 


yrz4 _ zPyd 2Pxd — ZP2zt 


uP yP 


NV—2 Y-y Z—2 
yP2t — zPyt PAT — aPzt— ePYT— yPat | = 0. (6) 
xP yP 2p 


From this equation it follows without difficulty that the distance from the 


- 
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rectifying plane to a point which corresponds to a positive value of ¢ and which 
lies in the immediate neighborhood of x, y, z is approximately equal to the 
determinant 
i ry yt 2 
yrzt — zPyd 2Pxra — oP2 xP yt — yx! (7) 


oP yP 2P | 


multiplied by a positive number. Expanding this determinant in terms of the 
elements of the second row we find that it is equal to the sum of the 
squares of the expressions 4; it follows that the new position of the moving 
point is on the same side of the rectifying plane as the positive end of the 
principal normal. 

In like manner, it follows from equation 3 that the distance from the oscu- 
lating plane to a point in the immediate neighborhood of x, y, z is approxi- 
mately equal to the product of a positive number by the determinant 


xP y? ZP 

at yt atl, (8) 

voy 2 
in which r > gand 2’, y’, 2” are the first set of derivatives for which the above 
determinant does not reduce to zero. The new position of the tracing point 
will therefore lie on the positive or on the negative side of the osculating 
plane according as the determinant 8 is positive or negative. 

We have thus established the theorem: If the curve 1 is described by a 
point which moves in the direction of increasing values of ¢, the twist of the 
curve at the point x, y, z will be positive or negative according as the deter- 
minant 8 is positive or negative. 

To apply the foregoing theory to the determination of the twist when the 
tracing point moves in the direction of decreasing values of ¢ we must replace 
¢ in equations 1 by —?¢’. Every derivative of odd order with respect to ¢ is 
equal to the negative of the derivative of the same order with respect to ¢’. It 
then follows at once from 8 that when we pass through a given point in op- 
posite directions the twist does or does not change sign according as p + q+r 
is odd or even. At an ordinary point of the curve p=1,q7=2,r=3; the 
twist, accordingly, does not change sign when the tracing point describes the 
curve in the opposite direction. 

We can go further and determine the character of the twist at a singular 


— 
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point of the curve. But before doing this it is necessary to state the analytical 
characteristics of each of von Staudt’s eight types of singular points. As is 
well known, von Staudt’s classification is based upon the behavior of the 
tracing point and the accompanying tangent line and osculating plane. At a 
given point each of these elements, point, line, and plane, may either continue 
its motion in the same direction or it may stop and begin to move in the op- 
posite direction. In a previous note* we have shown that if the tangent at 
a given point of a curve be taken as x axis, the principal normal as ¥ axis, and 
the binormal as z axis, the equations of the curve take the form 
NX =at!; at’eti+..., Y= bt’ + Biv t14..., Zac" + att '4+..., 
p < q' < y’, (9) 

and moreover that, at the given point, the motion of the tracing point persists 
or reverses according as p’ is odd or even, that the motion of the tangent line 
persists or reverses according as p’ -+ q' is odd or even, and that the motion of 
the osculating plane persists or reverses according as q' + 7’ is odd or even. 

From these criteria it is not hard to deduce the criteria which apply when 
the curve is given by equations of the form 1. It can be shown that the motion 
of the tracing point persists or reverses according as the index p of the first set 
of non-vanishing derivatives x”, y?, z? is odd oreven, that the motion of the 
tangent line persists or reverses according as the sum p + q of the indices in the 
first set of non-vanishing expressions of the form 4 is odd or even, and finally 
that the motion of the osculating plane persists or reverses according as the 
sum of the indices g + + in the first non-vanishing determinant of the form 8 
is odd or even. f 

To establish this proposition we take the equations of the curve in the 
form 9 and transform them to rectangular axes passing through the given point 
and parallel to the axes to which equations 1 are referred. If the direction 
cosines of the tangent, the principal normal, and the binormal with reference 
to these new axes be respectively (/,, 721, m1), (2, mz, Nz), and (ls, mg, mg), the 
equations of the curve referred to the new axes will be 


N=/,(at! + ate! +14...) 4 1,( bt" + byt +14 «--)4-1;,(ct" + qt! +34 ---), 
Y= m,(al”'faytr' +! +.) + mg ( bty + byte th 4 oe) + mg (ct + et’ +14 ..-), (10) 
Z =n, (all! + att 4 ---) 4 ng (bY + Ht th + «+ ng (et + et” +34 +), 








* See p. 3, above. 


t H. B. Fine, American Journal of Mathematics, vol. 8, p. 156; 1886. 
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By applying to these equations the theory developed in connection with equa- 
tions 1 it will be found without difficulty that the first set of non-vanishing 
derivatives are of order p’, that the indices in the first set of non-vanishing ex- 
pressions of the form 4 are p’ and q’, and that the indices in the first non- 
vanishing determinant of the form 8 are p’, 7’, and 7’. To establish this it is 


necessary to remember that 


, 
my 


ny 


and that any element of this determinant is equal to its minor. 

If equations 1 and 9 refer to the same curve it follows at once that the 
indices p, 7, and r which appear in 2, 4, and 8 are respectively equal to the 
indices p’, q', and 7” which appear in 9. Thus the numbers which determine 
the type to which the singular point under consideration belongs are the same 
as the numbers which determine the character of the twist at that point. If the 
characteristics of each of the types of singular points be written it will be found 
that for four of the eight types p + 7 + ris even, while for the other four types 
this sum isodd. It follows that for four of the eight classes the twist of the curve 
at the given point is independent of the direction in which the tracing point 
passes through it, while for the remaining four classes the twist changes sign 
when the direction in which the tracing point describes the curve is reversed. 

In conclusion, it should be stated that the twist of a curve at a singular 
point has been determined by Staude* for each of the following sets of values 
ff 9,¢,r: (1, 3,8), (1, 3, 4), 1,43, 4). (1,34, 5), (3, 3, 4), (2, 3, §), 
(2, 4,5), (2, 4,6). These eight sets of values furnish the simplest examples 
of the eight types of singular points. 


New York, June, 1905. 


* {merican Journal of Mathematics, vol, 17, p. 359; 1895. 




















THE CONTINUUM AS A TYPE OF ORDER: AN EXPOSITION OF 
THE MODERN THEORY* 


By Epwarp V. HuntincTon 


(Continued from volume 6, pages 151-184, July, 1905.) 


CHAPTER V 
CONTINUOUS SERIES: ESPECIALLY THE TYPE OF THE REAL NUMBERS 


54. In the preceding chapters we have considered the discrete series 
(§21) and the dense series (§41) ; we turn now to the study of the linear 
continuous series, which are the most important for algebra. 

A continuous series in general is defined as any series (see §12 or §74) 
which satisties Dedekind’s postulate (C1, below) and the postulate of density 
(C2) ; a linear continuous series is then any continuous series which satisfies 
also a further condition, which I shall call the postulate of linearity (C3). 

PostuLaTe C'1.¢ (Dedekind’s postulate.) If Mh, and Hy are any two non- 
empty subclasses in I, such that every element of H belongs either to Ay or to 
Iv, and every element of Ny, precedes every element of Ny, then there is an ele- 
ment N in Wy such that: 

1) any element that precedes NX belongs to hy, and 

2) any element that follows X belongs to Ny. 

This is the same as postulate V1 in §21. 

PostuLaTE C2.  (Postulate of density.) If aand b are elements of the 

_class NH, and a « b, then there is an element x such that a « x and x « b. 
This is the same as postulate //1 in §41. 
PostuntaTeE C3.  (Postulate of linearity.) The class WV contains a de- 


numerable subclass R (§37) in such a way that between any two elements of 


the given class Iv there is an element of R. 


* Presented to the American Mathematical Society at the Williamstown meeting, “eptem- 
ber 8, 1905. 

+R. Dedekind, loc. cit. (1872). : 

t G. Cantor, loc. cit. (1895), $11. ©. Veblen replaces this postulate of linearity by two 
other postulates which he calls the pseudo-Archimedean postulate and the postulate of uniform- 
ity; see Trans. Amer. Math, Soc., vol, 6 (1905), p. 165-171. 


(15) 
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The consistency and independence of these postulates will be discussed in 
§63 and §64; postulate C2 is clearly redundant whenever postulate C3 is 
assumed. 


55. The most familiar example of a linear continuous series is the class 
of points on a line, say one inch long, the relation a < 6 signifying that a lies on 
the left of 6. Dedekind’s postulate is satisfied in this system, since if Ay and 
A, are two subclasses of the kind described in the postulate, there will be a 
point of division on the line (either the last point of Aj or the first point of 
A), which will serve as the point .Y demanded in the postulate. The postu- 
late of density is also clearly satisfied, since between any two points of the line 
other points can be found. Finally, to see that the postulate of linearity 
holds, take as the subclass /? the class of all points of the line whose distances 
from one end are rational fractions of an inch. 

An example of a continuous series which is not linear is the class of all 
points (x, y) of a square (including the boundaries), 

Y arranged in order of magnitude of the 2’s, or, in case 
of equal 2’s, in order of magnitude of the y’s. This 
series is continuous (satisfying postuiates Cl and C2), 
but no subclass # of the kind demanded in postulate 

C3 is possible within it; for, if there were such a sub- 

class it would have to contain elements corresponding 
y to every point of the side of the square and therefore 
could not be denumerable (see §58 below). 

Other examples, not depending on geometric intuition, will be given in 
§63 and §64, 3. 














56. With the aid ot che following definition, we may state two theorems 
that hold for all continuous series. 

Derinition. Let C be any non-empty subclass in any series (A, <) ; 
if there is an element -Y in the series such that: 

1) there is no element of C’ which follows .Y, while 

2) if Y is any element preceding X there is at least one element of C’ 
which follows Y:—then this element .Y is called the upper limit of the sub- 
class C’. 

If the subclass C’ happens to have a last element, this element itself 
will be the upper limit of the subclass. If C’ has no last element, it may or may 
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not have an upper limit; if it has an upper limit, then this upper limit is the 
element which comes next after the subclass C’ in the given series.* 

THEOREM 1. Jn any continuous series, if C is any subclass all of whose 
elements precede a given element, then C will have an upper limit in the series. 

Briefly, this theorem tells us that in any continuous series, every subclass 
which has any upper bound will have a lowest upper bound, — the terms 
“upper limit” and “lowest upper bound” being synonymous. ) 

The full meaning of this theorem will be clearer after a study of the ex- 
amples given in §§63-64 of series that are and those that are not continuous 
(compare also §50) ; the formal proof is easily given, as follows : 

Under the conditions stated, the given series can be divided into two non- 
empty subclasses, A, and K*, the first containing every element that is equaled 
or surpassed by any element of C, and the second containing all the other ele- 
ments;f then by Dedekind’s postulate there must be at least one element X 
‘‘dividing’’ A, from K,; moreover, there cannot be two such elements, for if 
there were, one would be the last element of A, and the other the first element 
of Kg, so that no element would lie between them (contrary to the postulate of 
density). This dividing element X is then the element required in the theorem. 

Similarly, we may define the lower limit of a subclass, and prove the 
analogous theorem : 

THEOREM 2. Jn any continuous series, if C is any subclass all of whose 
elements follow a given element, then C will have a lower limit in the series. 

That is, in any continuous series, every subclass which has any lower 
bound will have a highest lower bound, or lower limit. 

Corotiary. Jn any continuous series which has a first and a last element, 
every subclass will have both an upper and a lower limit in the series. 


57. The following theorem gives us another form of the definition of 
continuous series. 

THEOREM.{ Jn the definition of a continuous series (§54), Dedekind’s 
postulate may be replaced by the demand that every fundamental segment shall 
have a limit (§49). 





* It should be noticed that this definition of a limit of a subclass in general is quite con- 
sistent with the definition already given for the limit of a fundamental segment ($49). 

t The subclass A, will not be an empty class, since by hypothesis there is at least one ele- 
ment in A which follows all the elements of C. 

t Cj. a remark due to Whitehead in Russell’s Principles of Mathematics, vol. 1 (1903), p. 
299, footnote. 
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For, if the elements of the whole series are divided into two subclasses A, 
and K, as in the hypothesis of Dedekind’s postulate, then A, (or A, without its 
last element, if it happens to have one) will be a fundamental segment, and the 
limit of this segment will correspond to the element Y in Dedekind’s postulate. 


58. The next theorem concerns the infinitude of the elements of a con- 
tinuous series. 

Tueorem. The elements of any continuous series (§54) form an infinite 
class which is not denumerable (§37). 


The proof, which is due to Cantor ,* 


is as follows : 

Suppose a given continuous series to be denumerable; then without disturb- 
ing the order of the elements we may attach to each one a definite natural num- 
ber, using the notation a(n) to represent the element corresponding to the 
number n. 

We may assume without loss of generality that the element a(1) precedes 
the element a(2). 

Then let p, and q; be the smallest numbers for which a(p,) and a(q,) lie 
between a(1) and a(2), and assume that the elements have been so numbered 
that a(p.) < a(q:); then 


a(1) <a(p,) < alq) < a2). 


Next, let p, and q, be the smallest numbers for which a(p,) and a(q.) lie 
between a(p,) and a(q,) and assume a(p,) < a(q.), so that 


a(1) < a(p,) < a(pez) <  a(q:) < a(qi) < a(2). 


And so on. In general, let pei. and q;41 be the smallest numbers for 
which a(pe+1) and a(qga1) lie between a(p,) and a(qz), and assume a(p, 41) 
< a(qe+1). In this way we determine a progression of elements a(pe) and a re- 
gression of elements a(q,), such that 


ai 1) < A p;) < A( Pz) < a( ps) a < +e < a(q:) < (G2) < AC) < a(‘2). 


Now since the series is continuous, the progression in question ought to 
have an upper limit ($56); but there is no element a(n) which can serve as this 
upper limit, for if any element a(n) is proposed, we can clearly carry the process 
just indicated so far that a(n) will lie outside the interval a pe) ari a(x). 

Therefore if the series is denumerable it cannot be continuous, and the theo- 
rem is proved. 


59. The theorems of §§56-58 hold for all continuous series ; the follow- 
ing theorems apply only to the linear continuous series. 


THeoreM. Every linear continuous series (§54) contains a subclass R 





*G. Cantor, Crelle’s Journ. fur Math., vol. 77 (1874), p. 260. 
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of type n (§44), such that between any two elements of the given series there 
is an element of Lt. 

For, the denumerable subclass /? whose existence is demanded in postu- 
late C3, or the same subclass without its extreme elements if it has them, is 
clearly of type » (the type of the rational numbers). 

This subclass /? of type » may be called the skeleton, or framework, of 
the given series; the elements which belong to /? may be called, for the 
moment, the rational elements, and those that do not belong to /? the ¢rra- 
tional elements of the series. 

Since the class of all the elements of any continuous series is non-denu- 
merably infinite (§58), it is clear that the rational elements of a linear contin- 
uous series cannot exhaust the series; in fact the class of irrational elements 
in any such series will itself be non-denumerably infinite (compare §38). 


60. The most important property of the rational elements is given in 
the following theorem, which follows immediately from §56 : 

TueoremM. Jn any linear continuous series, every element a (unless it be 
the first) determines a fundamental segment (§46) of the so-called rational 
elements, namely, the series of all the rationals preceding a; and conversely, 
every fundamental segment of rationals deterinines an element of the given 
series, namely, the upper limit of the segment (§56). 

The rational elements of the given series correspond to the fundamental 
segments which have limits in the series of rationals; the irrational elements 
correspond to the segments which have no limits in the series of rationals 
(§§49, 50). The denumerable dense series considered in the preceding 
chapter are not continuous, since, as we have seen in §50, they contain fun- 
damental segments which have no limits; the theorem thus brings out clearly 
the sense in which the linear continuous series are “richer” in elements than 
the denumerable dense series. 


61. The linear continuous series, like the discrete series or the denu- 
merable dense series, can be divided into four groups, distinguished by the 
presence or absence of extreme elements ; all the series of any one group are 
ordinally similar (see below), and therefore constitute a detinite type of order. 
In particular, a /inear continuous series (§54) which has both a first and a last 
element is called by Cantor a series of the type @, or the type of the /inear con- 
tinuum.* 


*G. Cantor, loc, cit, (1895), $11. 
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The proof that any two series of type @ are ordinally similar follows 
readily from the analogous theorem in regard to series of type » (§45).° | 
For, by §59 each of the given series of type @ will contain a subclass of 





“rational” elements of type 7; by §45 these subclasses of rationals can be 
brought into ordinal correspondence with each other; and by §60 every ele- 
ment (except the first) of each of the given series is uniquely determined as 
the limit of a fundamental segment of rationals. 

It should be noticed, however, that this correspondence can be set up 
in an infinite number of ways, since not only the selection of rational ele- 
ments from the given series, but also the correspondence between the two sets 
of rational elements, can be determined in an infinite number of ways. 


62. Since the definition of the type ¢ here adopted differs in manner of 
approach, though not in substance, from the definition given by Cantor, I add, 
in this section, a statement of Cantor’s definition in its original form.t 

Every progression or regression which belongs to a given series is called by 
Cantor a fundamental sequence (Fundamentalreithe); any element which is the 
limit of any fundamental sequence (upper limit in the case of a progression, lower 
limit in the case of a regression), is called a prine/pal element (Ilauptelement) of the 
series.t If every fundamental sequence in a given series has a limit in the series, 
| the series is said to be closed (abgeschlossen) ; if every element of the series is the limit 
i: of some fundamental sequence, the series is said to be dense-in-itself (insichdicht) ; 
| and any series which is both dense-in-itself and closed is said to be perfect (perfekt). 
Finally, if a series is such that between any two elements there are other ele- 
ments, the series is said to be dense (jiberalldicht). 

The following theorems follow at once from these definitions : 

1) If a series is closed, it will have a first and a last element, and will satisfy 
T Dedekind’s postulate ($54). 

2) If a series satisfies Dedekind’s postulate, and has both extreme elements, 
it will be closed. 

3) If a series is dense, it will be also dense-in-itself. 





* G. Cantor, loc. cit. (1895), $11. 
+ G. Cantor, loc. cit. (1895), §§10-11. An earlier definition of the arithmetical continuum 
if given by Cantor in Math. Ann., vol. 5 (1872), p. 123 [ef. tbid., vol. 21 (1883), pp. 572-576], 
involved extra-ordinal considerations, and need not concern us here. 

t This definition of a fundamental sequence is inaccurately quoted by Veblen (loc. cit 
p. 171), who leaves out the regressions. Thus, in the series 


7? 


Fe PF ocve GS O44 4,44 Ss =F 


the element 1' would be a principal element according to Cantor’s definition, but not according 
to Veblen’s. [The same word, Fundamentalreihe, has been used by Cantor in another con- 
nection, in discussing irrational numbers; Math. Ann., vol. 21 (1883), p. 567.] 
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On the other hand, the following facts should be noticed: 

4) Aseries may satisfy Dedekind’s postulate, and still not be closed, as witness 
the series of all integers, or the series of all real numbers.* 

5) Further, a series may be perfect (that is, dense-in-itself and closed), and 
not be dense; as witness the series discussed in §52, 3 (with end-points), or the 
series of all real numbers from 0 to 3 inclusive with the omission of those between 
1 and 2. 

6) And again, a series may be dense-in-itself and dense, and not be closed, 
as for example the series of rational numbers (with or without extreme elements). 

7) Finally, a series may be closed, and not be dense-in-itself, as for example 
any finite series, or a series like this: 


oi ° — —6 _ ‘ ‘ ° “ “ 
2, 1’;---, ~8,-2, “1, 0, +1, +2, +3, --- 31”, 2". 


By the aid of these definitions, Cantor then defines a series of type @ by the 
following two conditions: 

A) the series must be perfect (that is, dense-in-itself, and closed); and 

B) the series must contain a denumerable subclass R in such a way that 
between any two elements of the given series there is an element of R.+ 

The agreement between this definition and that given in §61 is then readily 
established, a closed dense series being the same as a continuous series with a 
first and a last element. The use of Dedekind’s postulate instead of the postu- 
late of closure implies the use of fundamental segments instead of the funda- 
mental sequences; this modification of Cantor’s method seems to me desirable, 
since every segment determines a unique element, and every element determines 
a unique segment, while in the case of the sequences, although every sequence 
determines a unique element, it is not true that every element determines a 
unique sequence.{ I have preferred Dedekind’s postulate to the postulate of $57 
merely because of its greater symmetry. 


Examples of linear continuous series. 


63. The following examples serve to establish (compare §19) the 
consistency of the postulates of the present chapter (§54) : in all but the first 
of them we avoid making any appeal to geometric intuition. 

1) The simplest geometric example of a linear continuous series is the 
class of all points on a line, already considered in §55. 

The most important non-geometrical examples are: 

2) The class of (absolute) real numbers, arranged in the usual order ; and 


* It is therefore perhaps unfortunate to speak of Dedekind’s postulate as the postulate of 
closure. 

+ It will be noted that the first part of condition is redundant, since every series which 
satisfies condition B will clearly be dense, and every dense series will be dense-in-itself. 

t It ean be shown, however} that the class of fundamental sequences in any continuous 
series has the same ‘‘cardinal number” §S88 as the class of elements in the series itself (com- 
pare §71). 
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3) The class of a// real numbers (positive, negative, and zero), arranged 
in the usual order. 


By the absolute real numbers we mean the class of all fundamental segments 
($46) in the series of absolute rational numbers ($51, 2); and by the usual order 
within this class we mean that a segment a shall precede a segment b when a is 
a part of b.* 

This system clearly satisfies the general conditions for a series ($12), since if 
a and b are any two distinct fundamental segments of any dense series, one of 
them must be a part of the other, and the relation of part to whole is transitive. 
Further, the series is dense; for, if a segment a is part of a segment b, there will 
always be rationals belonging tod and not toa; asegmentz containing the segment 
a and some of these rationals, will then lie ‘‘between’’ the segments a and b. To 
show that Dedekind ’s postulate is also satisfied, suppose that the whole series A 
is divided in any way into two subclasses A, and A, such that every element of 
AK, precedes every element of A,: then the class of all rationals which belong 
to any element of A, will be a fundamental segment in the series of rationals, and 
will be the element XY demanded in the postulate. Finally, the series is a linear 
continuous series, since we may take as the required subclass F# all the elements of 
K which have limits in the series of rationals ($49). 

By the series of a// real numbers (positive, negative, or zero) we then mean 
a series built up from the series of absolute real numbers in the same way that 
the series of all rationals was built up from the series of absolute rationals in 


* This is the definition adopted by Russell (doc. cit., chap. 33); it was first given in this 
form by M. Pasch (Dijjerential- und Integralrechnung, \S82), his Zahlenstrecke (fundamental 
segment of rationals) beng a modification of Dedekind's Schnitt) or cut (AS72). Similar defini- 
tions have been given by Dedekind (1872), Cantor (1872), Peano (1898), and others; see an 
historical account by Peano in er, de Math., vol. 6 (1898), pp. 126-140. The construction of 
the system of (absolute) real numbers may be briefly described as follows (confining our- 
selves to the positive numbers): (1) the integers are the natural numbers, assumed as known; 
(2) the rationals are pairs of integers; and (3) the reals are classes (fundamental segments) of 
rationals. Asa matter of convenience in notation, a pair of integers in which the denominator 
is 1 is represented by the numerator alone; rational numbers of this form are said to be inte- 
gral, while all other rational numbers are called fractional. Again, a fundamental segment which 
has a limit in the series of rationals is represented by the same symbol as its limit; real num- 
bers of this form are said to be rational, while all other real numbers are called irrational (com- 
pare §50). This notation, however, should not be interpreted as meaning that the class of 
real numbers inclu/es the class of rationals, or that the class of rational numbers includes the 
class of integers. On the contrary, while the ‘integral number 2”’ means simply the second 
number in the natural series, the ‘‘rational number 2’? means the pair of natural numbers 2 
and 1, and ‘‘the real number 2’’ means the class of all rational numbers which precede the 
rational number 2/1. [The rules by which the sum and product of two real numbers are 
defined do not concern us here, in this discussion of the purely ordinal theory; see O. Stolz and 
J. A. Gmeiner, Theoretische Arithmetik (1901 ), J. Tannery, [ntroduction a la théorie des fone- 
tions (1886), or H. Weber and J. Wellstein, Eneyclopadie der Elementar-Mathematik (vol. 1, 
1903).] 
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$51, 3. Or again, all real numbers may be defined as fundamental segments 
of the series of all rationals, just as the absolute real numbers are defined as 
fundamental segments of the series of absolute rationals. 


In the series of real numbers we have thus constructed an artificial system 
which certainly satisfies all the conditions for a linear continuous series (§54) ; 
there can therefore be no doubt that those conditions are free from inconsist- 
ency.* If we assume as geometrically evident that the series of all points on 
a line an inch long also satisfies these conditions, then an ordinal correspond- 
ence can be established between the real numbers and the points of the line, 
in accordance with §61 (taking as the “rational” points of the line those 
points whose distances from one end of the line are proper fractions of an 
inch) ; but in setting up this correspondence we must recognize that the con- 
tinuity of the series of points on the line is an assumption which is not capa- 
ble of direct experimental verification. 

4) Another example of a linear continuous series is the class of all 
non-terminating decimal fractions, arranged in the usual order (§19, 9). 

a 

This series is dense; for, suppose a and b are any two of the decimals such 
that a < b; let 4, be the first digit of 6 which is greater than the corresponding 
digit of a, and let 3, be the first digit beyond 7, which is different from 0; tnen 
any decimal z in which the first n — 1 digits are the same as in b, while the nth 
digit is less by one than 7,, will lie between a and 6. Further, the series satis- 
fies Dedekind’s postulate; for, if A, and A, are the given subclasses, we may 
determine the decimal . (= .7,7.7,---) as follows: =, is the largest digit which 
occurs in the first place of any decimal belonging to K,; ¥ is the largest digit 
which occurs in the second place of any decimal beginning with 7, and belonging 
to A,; ¥; is the largest digit which occurs in the third place of any decimal be- 
ginning with [,F, and belonging to A,; and so on. Finally, the series is linear, 
since we may take as the subelass & the class of those decimals in which all the 
places after any given place are filled with 9’s.—The series, as we notice, con- 
tains a last clement ( .999- - - ), but no first. 

5) Asa final example we mention the series described in §1%, 8, namely : 
# = the class of all possible infinite classes of the natural numbers, no num- 
ber being repeated in any one class; with the relation < so defined that a < 6 
when the smallest number in a is less than the smallest number in 4, or when 
the smallest n numbers of a and 4 are the same and the (nx + 1)st number ot 


a is less than the (n + 1)st number of >. 


*C}. H. Weber, Algebra, vol. 1, p.7, where the real numbers are defined (after Dedekind) as 
‘feuts’’ in the series of rationals, instead of as fundamental segments of rationals. (A cut is 
simply a rule for dividing a series K into two subclasses Ai and Ky», such that every element of 
K, precedes every element of Ay.) 
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This series is continuous, as the reader may readily verify; and it satisfies 
the postulate of linearity, since we may take as the subclass # the class of all the 
elements in which only a finite number of the natural numbers are absent. We 
notice also that the series contains a first element (namely the class of all the 
natural numbers), but no last element. 

This example is particularly interesting as showing how a linear continu- 
ous series can be built up directly from the natural numbers, without making 
use of the rationals.* 


Examples of series which are not linear continuous series. 


64. The examples given in this section serve to show (compare §20) 
that postulates C'l and C2 (§54) are independent of each other, and that post- 
ulate C3 is independent of both of them. Postulate C'2, on the other hand, 
is clearly a consequence of postulate C3. 

1) Dense series which do not satisfy Dedekind’s postulate. 

a) Denumerable series which are dense but do not satisfy Dedekind’s 
postulate are given in $51. 

4b) A non-denumerable example of the same sort is the series of all the 
points on a line with the exception of some single point; or better, the series 
described in §52, 2, b. 

2) Series which satisfy Dedekind’s postulate, but are not dense. 

a) The series described in §52, 3 (consisting of the ternary fractions in 
which the digits 0 and 2 only are used) is not dense, but can readily be shown 
to satisfy the postulate of Dedekind. 

6) <Any discrete series is also an example of this kind. 

3) <A continuous series which is not linear. 

Let A be the class of all couples (x, y), where z and y¥ are real numbers 
from 0 to 1 inclusive ; and let (z,, y,;) < (7), y,) when x, < 2, or when 7, = 2, 
and ¥, < ¥,. This series is a continuous series (satisfying C'l and C2) ; but 
it is not a linear continuous series, since no denumerable subclass /? of the kind 
demanded in postulate C’3 is possible within it. (The same example, in geo- 
metric form, has been mentioned already in §55; other examples of the same 
kind will occur in Chapter VI.) 

4) Asa final example of a series which is not continuous, we mention a 
class A’ composed of two sets of real numbers, say red and blue, with a rela- 
tion of order defined as follows: of two elements which have unequal numer- 


* 3. Russell, Principles of Mathematics, vol. 1, p. 299. 
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ical values, that one shall precede which would precede in the usual order of 
real numbers, regardless of color; of two elements which have the same nu- 
merical value, the red shall precede. 

This system is built up by interpolating the elements of one continuous 
series between the elements of another continuous series ; the resulting series, 
instead of being “more continuous” as one might have been tempted to expect, 
is no longer even dense, since every red element has an immediate successor 


(compare §52, 1, 5). 


Arithmetical operations among the elements of a continuous series. 


65. In the case of continuous series as in the case of dense series it is 
not possible to give purely ordinal definitions of the sums and products of the 
elements; for, unless some other fundamental notion besides the notion of 
order is introduced, the elements of these series (except extreme elements) 
have no intrinsic properties by which we can tell them apart (compare §53)- 
We might, to be sure, define sums and products of the elements of some par- 
ticular series (like the series of real numbers, in the usual order) by the use 
of extra-ordinal properties peculiar to that series, and then transfer these 
definitions to other series of the same type by a one-to-one ordinal correspond- 
ence ; but this method would be wholly inadequate, since the ordinal corre- 
spondence could be set up in an infinite number of ways. To construct a 
completely determinate continuous system it is therefore necessary to introduce 
some further notions, like addition and multiplication, besides the notion of 
order, as fundamental notions of the system.* 








* See for example my set of postulates for ordinary complex algebra, Trans. Amer, Math. 
Soc., vol. 6 (1905), pp. 209-229, especiaily §8. 
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CHAPTER VI 








CONTINUOUS SERIES OF MORE THAN ONE DIMENSION, WITH A NOTE ON 










ORDERED CLASSES 





MULTIPLY 


66. In the preceding chapters we have studied various kinds of series, or 
simply ordered classes (§12),— especially the linear continuous series (§54). 
In the following chapter we consider briefly some kinds of continuous series 
which are not linear, and add a short note on multiply ordered classes. 













Continuous series of more than one dimension.® 


67. We shall use the term one-dimensional framework or skeleton (1;) 
to denote a series of type yn, that is, a denumerable dense series without ex- 
treme elements (§44). A one-dimensional, or linear, continuous sertes is then 




















any continuous series which contains a framework /?; in such a way that be- 
tween any two elements of the given series there are elements of J?; (§59). 
Again, a two-dimensional framework, It,, isany series formed from a one- 





dimensional continuous series by replacing each element of that series by a 





series of type 7; and a fco-dimensional continuous series is any continuous 
series which contains a framework /?, in the same way. 

And soon. In general, an n-dimensional framework, R,, is any series 
formed from an (x — 1)-dimensional continuous series by replacing each ele- 
ment of that series by a series of type 7; and an n-dimensional continuous 
series is any continuous series which contains a framework J? in such a way 


that between any two elements of the given series there are elements of 72,. 





68. By a k-dimensional section of any continuous series we shall mean 
any segment (§47) which forms by itself a 4-dimensional continuous series, 
but is not a part of any other such segment. f 

In an n-dimensional continuous series each one-dimensional section, un- 


less it be the 





first first { 
last? will have a 0 element, and these elements taken in order 


* The study of the multi-dimensional continuous series was proposed by Cantor in Math. 
Ann., vol. 21, p. 590, note 12 (1883), but seems never to have been carried out in detail. It 
would be interesting to extend the discussion to continuous series of a transfinite number of 
dimensions (cf. §88). 

+ We may speak of a section of a framework F?,, as well as of a section of a continuous 
series. A ‘‘zero-dimensional’’ section would be, of course, a single element. If .preferred, the 
word constituent may be used instead of section. ia 


(26) 
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will form an (nx — 1)-dimensional continuous series. And so in general: each 


k-dimensional section, unless it be the ao will have a “wing (k — 1)-dimen- 


sional section, and these (4 — 1)-dimensional sections taken in order will be 
the elements of an (n — /)-dimensional continuous series. 


69. As already noted, there are four different types of one-dimensional 
continuous series, distinguished by the presence or absence of extreme ele- 
ments ; in particular, a one-dimensional continuous series with both a first 
and a last element is called a series of type @ (§61). 

A two-dimensional continuous series may or may not have a first one- 
dimensional section, and that section in turn may or may not have a first 
element. Similarly, there may or may not be a last one-dimensional section, 
which in turn may or may not have a last element. There are therefore nine 
different types of such series, distinguished by their initial and terminal 
properties. In particular, a two-dimensional continuous series with both a 
first and a last element I shall call a series of type 6 (since it may be formed 
from a series of type 6 by replacing each element by another series of type 0) .* 

And so on. In general, there will be (x + 1)? different types of n-dimen- 
sional continuous series, distinguished by their initial and terminal properties. 
In particular, an n-dimensional continuous series which has both a first and a 
last element may be called a series of type 0", or an n-dimensional continuum. 

The proof that any two series of the same type are ordinally similar, and 
that all the types are really distinct, is readily obtained by an extension of 
the methods used in §§45 and 61. 

70. An example of an n-dimensional continuous series is a class whose 
elements are sets of real numbers, (21, 22, 23, ---, #,), Where x, is any real 
number, and 2,, xy, - - +, 7, are restricted to the interval from 0 to 1 inclusive ; 
the elements of the class being arranged primarily in order of the 2,’s; or in 
case of equal z,’s, in order of the x's; or in case of equal z,’s and equal 2,’s, 
in order of the x,’s; ete. 

If n = 1, 2, or 3, the elements of this class can be represented geomet- 
rically: (1) by the points on a line; (2) by the points of a plane region 
bounded by two parallel lines ; and (3) by the points of a space region bounded 


by a square prismatic surface. If n is greater than 3, no simple geometrical 


interpretation is possible. 


* Cj. Cantor’s notation for the ‘‘product’’ of two normal series ($86). 
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71, Although the various types of series just considered are all distinct 
as types of order, yet it is important to notice that the class of elements of an 
n-dimensional continuous series can be put into one-to-one correspondence with 
the class of elements of a one-dimensional continuous series, if the relation of 
order is sacrificed; or, in the terminology of modern geometry, the points of 
all space (of any number of dimensions) can be put into one-to-one corre- 
spondence with the points of a line. One of Cantor’s most interesting early 
discoveries was a device for actually setting up this correspondence ; we give 
a sketch of the method for the case of two dimensions. * 


As a preliminary step, we notice that a one-to-one correspondence can be set 
up between the points of any two lines, of length a and b, with or without end- 
points. For, each line can be divided into a denumerable set of segments of 
lengths equal, say, to }, }, 3, --- of the length of the line; a one-to-one correspond- 
ence can be established between the two sets of segments, and then (as in §3) 
between the interior points of each segment of one set and the interior points of 
the corresponding segment of the other set; and a one-to-one correspondence 
can also be established between the two sets of points of division. 

Consider now the points (z, ¥) within a square one inch on a side (0 <2 < 1, 
0 < y < 1), and the points ¢ on a line say three inches long (O < ¢ < 3); and divide 
each third of the line ¢ into a denumerable set of segments of lengths §, 1, 1, --- of 
aninch. A one-to-one correspondence between the points of the square and the 
points of the line can then be established as follows: 

1) The points (z, y) for which z and y are both rational form a denumerable 
set, and can therefore be put into one-to-one correspondence with the ‘‘rational’’ 
points of the line—that is, the points for which ¢ is rational. 

2) The points (x, y) for which z is rational and y irrational are the ‘‘irra- 
tional’’ points of a denumerable set of vertical lines, and ean therefore be put 
into one-to-one correspondence with the “‘irrational’’ points of the denumerable 
set of segments which occupies, say, the last third of the line. 

3) Similarly the points (z, y) for which y is rational and z irrational can be 
put into one-to-one correspondence with the “irrational’’ points of the middle 
third of the line. 

4) Finally, the points for which z and y are both irrational can be put into 
one-to-one correspondence with the “‘irrational’’ points of the first third of the 
line. For, every irrational number a between 0 and 1 can be expressed as a non- 
terminating simple continued fraction, a = [a,, dz, a;, .-- J, that is: 


1 


a= 





* Cantor, Crelle’s Journ, fir Math., vol. 84. pp. 242-258 (1877); ef. Math. Ann., vol. 46, p 
488 (1895). 
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where 2, 2, Z;, --- are positive integers; so that to the point 
2 = [2), 2, %,-°--] 
y = [%, Yo, Yo] 
in the square we can assign the point 
t = [X1, Yi, Le, Yr, Ls, Ys, --* J 
on the line; while inversely, to the point 
t= [t,, t, &,---] 
on the line we assign the point 
= [t,, t,, ts, °°: ], 
9 x= [t., ty, te, -° -] 


in the square. 

Thus the correspondence between the points of the square and the points of 
the line is complete; and the method is easily extended to any number of 
dimensions, finite or denumerably infinite. 


Note on multiply ordered classes.* 


72. A multiply ordered class is a system (§11) consisting of a class Av 
the elements of which may be ordered according to several different serial 
relations. 

For example, a class of musical tones may be arranged in order according 
to pitch, or according to intensity, or according to duration. Again, the class 
of points in space may be ordered according to their distances from three fixed 
planes. 

A multiply ordered class may also be called a multiple series; but a sys- 
tem of this kind is not strictly a series with respect to any one of its ordering 
relations, since postulate 1 does not strictly hold (see §12 or §74). 

The only discussion of multiply ordered classes which I know of is con- 
tained in Cantor’s memoir of 1888. 





* This subject is studied in detail by Cantor in Zeitschr. f{. Phil. u. philos. Kritik, vol. 92, pp 
240-265 (1888). 














APPENDIX 
NORMAL SERIES AND CANTOR’S TRANSFINITE NUMBERS 


73. In §§21, 41, and 54, certain special kinds of series (“discrete,” 
“dense,” “continuous”) have been defined, and their chief properties discussed. 

In this appendix a brief account is now to be given of another special 
kind of series, which has proved to be of fundamental importance in Cantor’s 
theory of the transfinite numbers, and I hope that some readers may be led, 
by this brief introduction, to a further study of that most recent development 
of mathematical thought, in which many problems of fundamental interest 
still await solution. 


Th theory of the transfinite numbers was created by Georg Cantor in 1883, 
in a monograph called Grundlagen einer allgemeinen Mannichjaltigkeitslehre; ein 
mathematisch-philosophischer Versuch in der Lehre des Unendlichen. A much clearer 
presentation of the subject will be found in his Beitrage zur Begrundung der 
transjiniten Mengenichre in the Mathematische Annalen (1895, 1897); but many of 
the speculations which were begun or suggested in the Grundlagen have not yet 
been developed.* 


* The earliest of Cantor’s writings which bear upon this subject willbe found in Math. Ann., 
vol. 5, pp. 123-132 (1872); and in Crelle’s (or Borchardt’s) Journ. far Math., vol. 77, pp. 258-262 
(1874); vol. S4, pp. 242-258 (1877). Then came a series of six articles “Uber unendliche, lineare 
Punktmannichfaltigkeiten,’’ Math. Ann., vol. 15, pp. 1-7 (1879); vol. 17, pp. 355-358 (ISSO); 
vol. 20, pp. 113-121 (1882); vol. 21, pp. 51-58 (1883); vol. 21, pp. 5415-591 (1883); vol. 23, pp. 
153-488 (1884). The fifth of these articles is identical with the monograph published in’ the 
same vear (ISS3) under the title “Grundlagen einer allgemeinen Mannichfaltigkeitslehre’’ — page 
n of the “Grundlagen” corresponding to page (n + 544) of the article in the Annalen. [All the 
articles mentioned thus far, or partial extracts from them, are translated into French in the 
Acta Mathematica, vol. 2, 1883. The same journal contains also some further contributions; 
see vol. 2, pp. 409-414 (1883); vol. 4, pp. 381-392 (1884); vol. 7, pp. 105-124 (1885).] These 
articles were followed by a number of writings in defence of the new theory; see especially the 
Zeitschrift far Phil. und philos, Kritik, vol. 88, pp. 224-233 (1886); vol. 91, pp. S1-125, 252-270 
(1887); vol. 92, pp. 240-265 (1SSS). Then came ashort but interesting note in the Jahresher. 
d. D. Math.-Ver., vol. 1, pp. 75-78 (1892), and finally the “ Beitrage,” ete., Math. Ann., vol. 46, 
pp. 481-512 (1895); vol. 49, pp. 207-246 (1897); French translation by F. Marotte (1899), 
Since 1897 the literature of the <ubject has rapidly increased (Bernstein, Schroder, Burali-Forti, 
Borel, Schonflies, Hardy, Young, Rusvell, Whitehead, Jourdain, Zermelo, Konig, Hobson. and 
Veblen being among the contributors), but nothing further has been published by Cantor hin 
self. — Special reference should be made to Schénflies’s ‘‘ Bericht iiber d. Entwickelung d. Lehre 
von d. Punktmannigfaltigkeiten,” in the Jahresher. d. D. Math.-Ver., vol. 8, part 2, 1900 (pages 
1-250); and to Russell’, Principles of Mathematics, vol. 1 (1903). 
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74. A series, or simply ordered class, has been defined in §12 as any 
system (A, < ) which satisfies the following three conditions : 

PostuLaTe 1. Jf a and b are distinct elements of the class HK, then 
eithera <borb<a: 

PostuntatE 2. Ifa < b, then a and b are distinct. 

PostuLate 3. Ifa <b andb < ce, thena < c. 


A normal series, or normally ordered class (wohlgeordnete Menge, “well- 
ordered” class or collection), is then any series which satisfies the following 
three conditions :* 

Postu.aTE 4. The series has a first element (§17). 

PostuLaTe 5. Every element, unless it be the last, has an immediate 
successor (§17). 


Postutate 6. Every fundamental segment of the series has a limit.t 


The consistency and independence of these postulates are established by 
the examples already given in §§28-29. 

In a normal series, any element which is the limit of a fundamental seg- 
ment (and therefore has no immediate predecessor) is called a limiting element 
of the series (Grenzelement, Element der zweiten Artt). Every element 
which is neither a limiting element, nor the first element of the series, will 
have a predecessor. 

For example, the series 


*, . s, . » . e 4? 
Ds Bar Bas > - > 3 Lee Ber Bars >> 3 Upp Bop Br > *>3 -* +3 2 


is a normal series in which the limiting elements (1,, 13,---; 1’) form a 
progression followed by a last element 1’. 


75. From postulates 1-6 it follows at once that Dedekind’s postulate 
(see §21 or §54) will hold true in any normal series; indeed we may use 





*G. Cantor, Math. Ann., vol. 21 (1883), p. 548; tbid.,vol. 49 (1897), p. 207. The name “nor- 
mal series” was suggested to me bv the adjective “normally ordered,” which is used by E. 
W. Hobson as a translation of wohlgeordnet; see Proc. Lond. Math. Soc., ser. 2, vol. 3 (1905), 
p. 170. 

+ A “ fundamental segment ” is any lower segment which has no last element; the “limit” 
of a fundamental segment is the element next following all the elements of the segment (§46, 49). 

tG. Cantor, Math. Ann., vol. 49, p. 226 (1897). Jourdain uses Limes; Phil. Mag., ser. 6, 
vol. 7, p. 296 (1904). Compare §62, above. 
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Dedekind’s postulate in place of postulate 6 in the definition of a normal series ;* 
I prefer postulate 6 in this case, however, because it emphasizes the unsym- 
metrical character of the normal series. 


76. Other, very convenient, forms of the definition are the following : 
1) A normal series is any series in which every subclass (§6) has a 


Jirst element.t , 
2) A normal series is any series which contains no subclass of the 


type *w (§25).t 
The equivalence of each of these definitions with the definition in §74 is 
easily verified. 
Examples of normal series. 


77. The simplest examples of normal series are those which contain 
only a finite number of elements; and since two finite series are ordinally 
similar when and only when they have the same number of elements, there 
will be a distinct type of normal series corresponding to every natural number 
(compare §27). 

The simplest example of a normal series with an infinite number of ele- 
ments is a series of type @, that is, a progression (§24). 

78. Other examples of normal series are the following : 

A progression of series each of which is itself of type @ forms a series 
of type o: 

es? Se 


A progression of series each of which is of type o* forms a series of type @ : 
. | . H | 5 . | . | * 
ve eer ee, eee ee, ee ee re 


So in general ; a progression of series each of which is of type o” forms a 
series of type o’*!, where v is any positive integer. 

Any type ” can be represented by a series of points on a line of length 
a by the following device, illustrated for the case of type w*. First, divide 
the given line into a denumerable set of intervals, as most conveniently by 


* ©. Veblen, Trans. Amer. Math. Soc., vol. 6, p. 170 (1905). 
7 Cantor, loc. cit. (1897), p. 208. 
¢ Ph. Jourdain, Phil. Mag., ser. 6, vol. 7, p. 65 (1904). 
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the set of points whose distances from the right-hand end of the line are 
aaaa 
2 a x ie? 
the points of division will form a series of type . Next, divide each inter- 
val into a denumerable set of intervals in a similar way ; all the points of divi- 


| | — ' i——i—I-I 


sion taken together will forma series of type o. Finally, repeating the same 
operation once again, we obtain a series of points of type o*. 


79. A series of the type called #* may now be constructed as follows: 
Take a line of length a, and divide it into a denumerable set of intervals as 
above ; in the first of these intervals insert a series of type @, in the second 
a series of type w*, in the third a series of type w*, and so on; the total col- 
lection of points thus determined forms a series of type @*. 

A series of type #* each of whose elements is a series of type o* formsa 
series of type (”)? or w*?. 

A series of type o” each of whose elements is a series of type o”? forms a 
series of type ow”. 

And so in general a series of type w* each of whose elements is a series 
of type w*” forms a series of type ot), 

A series of the type called # can now be constructed as follows: Divide 
a given line into a denumerable set of intervals as before ; in the first of these 
intervals insert a series of type w*, in the second a series of type w*®, in the 
third a series of type w*, and so on; the total collection of points thus deter- 
mined forms a series of type #*” or *’. 

A series of type »** each of whose elements is a series of type o* forms 
a series of type (@*’)? or w**?, 

A series of type w* each of whose elements is a series of type o**? forms 
a series of type w**%. 

And so in general a series of type **” may be constructed, and hence 
a series of the type o*** or wo’, by another application of the denumerable set 
of intervals. 

By an extension of the same methods we can thus construct series of each 
of the types originally denoted by @,, @., @;, - - -, where 


@®,=@, @ =o", @= ow, ---.* 











* Cantor, loc. cit. (1897), p. 242. It should be noted that this notation has recently been 
abandoned, the subscripts under the w’s being now used for another purpose; see §83. 
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And so on ad infinitum; but none of the normal series thus constructed 
will contain more than a denumerable infinity of elements (compare §38). 
80. In order to understand one further matter of notation, considera 
normal series of the type represented, say, by 


w.5 + w*-7 + @ + 2. 


Here the plus signs indicate that the series is made up of four parts, in 
order from left to right; the first part consists of a series of type o* taken five 
times in succession ; the second part consists of a series of type o taken seven 
times in succession ; the third part is a single series of type @; and the last 
part isa finite series containing two elements. — And so in general the notation 


w-vy + o — 1p, + wt? -rg +--+ + y,, 


where yu is a positive integer, and the coefficients vp, v,, v2, +++, v, are positive 
integers or zero, is to be interpreted in a similar way.* 

It will be noticed that in the case of a progression, or of any normal series 
of the types described in §$78-79, the whole series is ordinally similar to each of 
its upper segments ($47); that is, if we cut off any lower segment from the series, 
the type is not altered. This will not be true in the case of the normal series of 
the types described in the present section. 


General properties of normal series. 


81. The fundamental propertics of normal series are developed very 
carefully and clearly in Cantor’s memoir of 1897; I mention the following 
theorems as perhaps the most important : 

1) Every subclass in a normal series is itself a normal series. 

2) If each element of a normal series is replaced by a normal series, and 
the whole regarded as a single series, the result will be still a normal series 
(compare the examples in §§78-7%). 

(These two theorems follow at once from the definition in §76, 1.) 

Derinition. The part of a normal series preceding any given element a 
is called a lower segment (Abschnitt) of the series (compare §47).t 


* Cantor, loc. cit. (1897), p. 229. 

+ Most writers, including Russell, translate Abschnitt by segment (without qualifying adjec- 
tive); but since the word “segment” is already used in several different senses (see, for example, 
Veblen, loc. cit., p. 166), it has seerned to me safer to use the longer term “lower segment,’”’ about 
which there can be no ambiguity. 
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3) A normal series is never ordinally similar to any one of its lower 
segments, or to any part of any one of its lower segments. 

4) If two normal series are ordinally similar, the ordinal correspond- 
ence between them can be set up in only one way (compare §§26, 45, 61, 
and §§53, 65). 

5) Any subclass of a normal series is ordinally similar to the whole 
series or else to some one of its lower segments. 

6) If any two normal series, F' and G, are given, then either F is or- 
dinally similar to G, or F’ is ordinally similar to some definite lower segment 
of G, or G is ordinally similar to some definite lower segment of /’; and these 
three relations are mutually exclusive. In the first case, FY’ and G are of the 
same type; in the second case, F' is said to be less than G'; and in the third 
case, G is said to be less than F. 


82. By virtue of this theorem 6, the various types of normal series, 
when arranged “in the order of magnitude” (as defined in the theorem), form 
a serves (§74) with respect to the relation “less than ;” and, as Cantor has 
shown, this series will be itself a normal series. 

Moreover, by theorem 1, every possible collection of types of normal 
series, arranged in order of magnitude, will be itself a normal series. 


Classification of the normal series. 


83. The following classification of the normal series is a characteristic 
feature of Cantor’s theory; since, however, the method of procedure, when 
pushed to its logical extreme, leads to apparently insurmountable difficulties, 
the whole scheme is regarded with a certain measure of suspicion.* 

In the first place, every normal series in which the number of elements is 
finite is said to belong to the First CLAss of normal series. 

Now take all the types of series belonging to the first class, and arrange 
them in order of magnitude (§82) ; the result is a normal series of a certain 
type, called @ (compare §24). 

Then every normal series whose elements can be put into one-to-one corre- 
spondence (§3) with the elements of w is said to belong to the SECOND CLASS. 
In particular, the series of type @ are the smallest series of the second class. 





* See E.. Borel, Lecons sur la théorie des fonctions (1898), pp. 119-122, and a remark in Liou- 
ville’s Journ. de Math., ser. 5, vol. 9 (1903), p. 330; D. Hilbert, Jahresb. d. D. Math.-Ver., vol. 8, 
p. 184 (1899); and especially E. W. Hobson, Proc. Lond. Math. Soc., ser. 2, vol. 3, pp. 170-188 


(June, 1905). 
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Next, take all the types of series belonging to the second class, and ar- 


range them in order of magnitude ; the resulting series is a normal series of a 


certain type, called @, (or 2). 

Then every normal series whose elements can be put into one-to-one corre- 
spondence with the elements of w, is said to belong to the THIRD CLASS. In par- 
ticular, the series of type @, are the smallest series of the third class. 

And so on. In general, every normal series whose elements can be put 
into one-to-one correspondence with the elements of w, (where v is any positive 
integer) is said to belong to the (v + 2)th cass; and the series of type @, will 
be the smallest series of that class.* 

Moreover, by an extension of the device already employed several times, 
we can define a class of normal series whose smallest type would be denoted 
by @,, or even @, : and so on, ad infinitum; so that when we speak of the nth 
class of normal series, x need not be a positive integer, but may itself denote 
the type of any normal series. 


84, In order to justify this classification, it is necessary to show that the 
classes described are really all distinct, so that no normal series belongs to 
more than one class; and further, that normal series belonging to each class 
actually exist, so that no class is “empty.” Cantor has completed this invest- 
igation only as far as the first and second classes : problems concerning the ex- 
istence of the higher classes, and the question whether every collection can be 
arranged as a normal series, are being actively debated at the present time 
(see, for example, articles by Kénig, Schénflies, Bernstein, Borel, and Jour- 
dain, inthe current volume of the Mathematische Annalen,t and especially the 
article by Hobson already cited). 

Each of the examples mentioned above is a normal series of the first or 
second class (since the number of elements in each case is at most denumerable, 


in view of $38); no similar example of a series of even the third class has yet been 
satisfactorily constructed.t 


85. The various classes of normal series can also be defined by purely 
ordinal postulates, as Veblen has shown how to do in his recent memoir.§ 


* The notation wy, for the smallest tvpe of the (v + 2)th class was introduced by Russell. Prin- 
etples of Mathematics, vol. 1 (1903), p. 322; compare Jourdain, loc. cit., p. 295. The symbols w 
and & were first used in this connection by Cantor in Math, Ann., vol. 21, pp. 577, 582 (1883). 

+ Math. Ann., vol. 60 (1905), pp. 177, 181, 187, 194, 165. 

$ See Hobson, loc, cit., pp. 185-187. 


§ O. Veblen, Trans. Amer. Math. Soc., vol. 6, p. 170 (1905). 
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Thus, a normal series of the first class is any normal series which satisfies 
not only the postulates 1-6 of §74, but also the further conditions 7, and 8,; 
namely: 

PosTULATE 7;. Every element except the first has a predecessor (§17). 

PosTULATE 8. There is a last element (§17). 

The type » is then defined by postulates 1-6 with 7, and 8{, where 8 is the 
contradictory of 8). 


Next, a normal series of the second class is any normal series which satis- 
fies 7, and 8,, namely: 

POSTULATE 7. Every element except the first either has a predecessor or is 
the upper limit of some subclass of type w (as just defined). 

PosTuLATE 8,. There is cither a last element, or a subclass of type w which 
surpasses any given element of the series.* 

The type , is then defined by postulates 1-6 with 7, and 8!, where 8! is the 
contradictory of 8. 


Similarly, a normal series of the third class is any normal series which satis- 
fies 7, and &, namely: 

PosTULATE 73. Every element except the first cither has a predecessor, or is 
the upper limit of some subclass of type », or is the upper limit of some subclass of 
type ,. 

PosTULATE 8s. There is either a last element, or a subclass of type » which 
surpasses any given element, or a subclass of type o, which surpasses any given 
element. 

The type », is then defined by postulates 1-6 with 7, and 8), where, as_be- 
fore, 8; denotes the contradictory of 85. 


And so on. The establishment of complete sets of postulates like these 
seems to me an essential step toward the solution of the difficult problems con- 
nected with this subject. 


The transfinite ordinal numbers. 


86. It is now easy to explain what is meant by the ordinal numbers 
( Ordnungszahlen), in the generalized sense in which Cantor now uses that 
term : they are simply the various types of order exhibited by the normal series.t 
In other words, according to the theory of Russell, the ordinal number corre- 
sponding to any given normal series is the class of all series which are ordi- 





* That is, if z is any element of the given series, there is an element y in the subclass for 
which z < y. 

+ Thus, postulate 8; contains three separate statements: first, there is no last element; 
secondly, every subclass of type w has an upper limit; and thirdly, every subclass of type «: has 
an upper limit. 

t Loc. cit. (1887), p. 84; and loc. cit. (1897), p. 216. 
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nally similar to the given series; any one of these ordinally similar series may 
be taken to represent the ordinal number of the given series.* 

The ordinal numbers of the first class (§83) are the finite ordinal num- 
bers, with which we have always been familiar; the ordinal numbers of the 
second or higher classes are the transfinite ordinal numbers created by Cantor, 
and which constitute, in a certain true sense, “eine Fortsetzung der realen 
ganzen Zahlenreihe iiber das Unendliche hinaus.” f The smallest of the trans- 
finite ordinals is . 


By the sum,a+ b, of two ordinal numbers, a and 6, is meant simply the 
type of series obtained when a series of type a is followed by a series of type b 
and the whole regarded as a single series.t Clearly a+ 6 will not always be the 
same as b +a (forexample, 1+ «= o, whilew +1 is a new type); but always 
(a+b)+cec=a+ (b+ 0c). 

By the product, ab, of an ordinal number a multiplied by an ordinal number 
b, is meant the type of series obtained as follows: in a series of type 6 replace 
each element by a serics of type a, and regard the whole as a single series; the 
result will be a normal series (by $81, 2), and the type of this normal series is 
what is meant by ab.§ Clearly ab will not always equal ba (for example, 2” = 
while «2 is a new type); but always (ab)c = a(be), and also a(b + c) = ab + ac 
although not (b + c)a = ba + ca. 

The definition of a’, where a and b are general ordinal numbers is too com- 
plicated to repeat in this place.) Enough has at any rate been said to give at 
least some notion of the nature of the artificial algebra which Cantor has here 
so ingeniously constructed. 


The transfinite cardinal numbers. 


87. For the sake of completeness I add here a brief note on the meaning 
of some of the terms in Cantor’s theory of the (generalized) cardinal numbers.4 
This theory has nothing to do with series, or ordered classes, but is a develop- 
ment. of the theory of classes as such (§11): nevertheless the ditliculties met 
with in this theory are closely analogous to the difficulties we have pointed 
out in the theory of the ordinal numbers (§84), and it is impossible to read 
the literature of either theory without some acquaintance with the other. 


* Russell, Principles of Mathematics, vol. 1 (1903), p. 312 

T Loc, cit, (1883), p.545,. On an extension of the term abzdahlhar, see Math. A nn,, Vol.23, p.456. 

t Loc. cit. (1883), p. 550. 

§ In Cantor’s earlier definition of the product ab, a was the multiplier (loc. cit., 1883, p. 551); 
the order was changed in his later articles, so that a is now the multiplicand (see loc. cit., 1887, 
p. 96, and loc. cit., 1897, pp. 217, 231). 

| See Math, Ann., vol. 49 (1897), p. 231. 

{ The standard account of this theory is in Cantor’s article of 1895. 














1905] TYPES OF SERIAL ORDER 39 


88. If two classes can be brought into one-to-one correspondence (§3), 
they are said to be equivalent (dquivalent). For example, the class of rational 
numbers is equivalent to the class of positive integers (compare §19, 6); or 
the class of points on a line is equivalent to the class of all points in space 
(§71). 

The cardnial number ( Miichtigkett) of a given class A is then defined as 
the class of all those classes which are equivalent to A.* The finite cardinal 
numbers are the cardinal numbers which belong to finite classes ; the transfinite 
cardinals are those which belong to infinite classes (§7). 

According to this definition, if two classes A and B are equivalent, their 
cardinal numbers will clearly be identical. 

If a class A is equivalent to a part of a class B, but not to the whole, 
then A is said to be less than B; in this case the cardinal number of A will be 
less than the cardinal number of 2. 

We cannot, however, affirm that all cardinal numbers can be arranged as a 
series, in order of magnitude, for while postulates 2 and 3 (§74) clearly hold 
with regard to the relation “less than” as just defined, postulate 1 has never 
been proved. In other words, non-equivalent classes may possibly exist, 
neither of which is “less than” the other. f 

On the other hand, Cantor has proved that when any class is given, a 
class can be constructed which shall have a greater cardinal number than the 
given class. 

For example, let C' denote the class of elements in a linear continuum, 
say the class of points on a line one inch long (compare §71) ; and let C’ de- 
note the class of all possible “ bi-colored rods” which can be constructed by 
painting each point of the given line either red or blue. Then the class of 
rods, C’, has a higher cardinal number than the class of points, C’, as may be 
proved as follows: 

In the first place, C is equivalent to a part of C’; for example, to the class of 
rods in which one point is painted red and all the other points blue. Secondly, 
C is not equivalent to the whole of C’; for, if any alleged one-to-one correspondence 


between the rods and the points were proposed, we could at once define a rod which 
would not be included in the scheme: namely, the rod in which the color of each 








*The term Médchtigkeit was first used by Cantor in Crelle, vol. 84, p. 242 (1877). Power, 
potency, multitude, and dignity are some of the English equivalents. The term Cardinalzahl was 
introduced in 1887. The notion of a cardinal number as a class is emphasized by Russell. 

t Compare FE. Borel, Legons sur la théorie des fonctions (1898), pp. 102-110. 

¢ Cantor, J. d. D. Math.-Ver., vol. 1 (1892), p. 77; E. Borel, loc. cit., (1898), p. 107. 
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point x is opposite to the color of the point z in the rod which is assigned to the 
point x of the given line; this rod would differ from each rod of the proposed 
scheme in the color of at least one point. 

The class C’ has therefore a higher cardinal number than the class C. It is 
not known, however, whether there may not be other classes whose cardinal num- 
bers lie between the cardinal numbers of C and C’. 


89. Of special interest are the cardinal numbers of the various types of 
normal series; but when we speak of the cardinal number of a series, it must 


be understood that we mean the cardinal number of the class of elements which 
oceur in the series, without regard to their order. 

The cardinal numbers of the finite normal series are the finite cardinal 
numbers, with which we have always been familiar. 

The cardinal number of a series of type @ is denoted by the Hebrew letter 
Aleph with a subscript 0 :* 

No- 
This sy) will then be the cardinal number of any normal series of the second 
“class, since all the series of the second class are, by definition, equivalent. 

The cardinal number of aseries of type @, (or Q) is denoted by &, ; this will 
then be the cardinal number of any normal series of the third class. 

And so on. In general, the cardinal number of a series of type @, is 
denoted by §,: this will then be the cardinal number of any normal series 
of the (vy + 2)th class. 

Tf we assume the series of classes of ordinal numbers (§86), we thus 
obtain a series of cardinal numbers 


No. Nis sc aoe 


arranged in order of increasing magnitude ; this series will be a normal series 
with respect to the relation “less than,” and ordinally similar to the series of 
ordinal numbers ; but all the difficulties that are involved in the one series are 
involved in the other. In particular, it requires proof to show that two Alephs, 
as §, and &,4,, are really non-equivalent, and that no other cardinal number 
lies between them. Cantor has shown merely that Sy is the smallest trans- 
finite cardinal number, and that &, is the number nert greater.t Again, the 
vexed question: can the cardinal number of the linear continuum (§54) be 
found among the Alephs? is equivalent to the question: can the class of ele- 


* Cantor, loc. cit. (1895), p. 4192. 
t Math, Ann., vol. 21, p. 581 (1883). 
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é ments in the continuum be arranged in the form of a normal series ?* All that 
is known at present on this point is that the cardinal number of the contin- 
uum is not Jess than §;. 


90. Wespeak next of the sums and products of the cardinal numbers.t 
The sum A + B of two classes A and B which have no common element. is 
: the class containing all the elements of A and B together. 
If a and b are the cardinal numbers of two such classes A and B, the sum, 
i : + b, of these two cardinals is then defined as the cardinal number of At B. 


Clearly a +5 = =b+a, and (a+b) +e=>a+ (b+ 0c). 


The product, AB, of two classes A and B which have no common element is 
the class of all couples («, 7), where « is any element of A, and 7 any element of B. 
If a and b are the cardinal numbers of two such classes, the product, ab, of 
these two cardinals is then defined as the cardinal number of AB. Clearly, 
ab = ba, (ab)c = a(be), and a(b + c) = ab + ae. 


i Finally, A” denotes the class of all coverings (Belegungen) of B by A, where a 
: ‘covering’ of B by A is any law according to which each element of B determines 
au an element of A (not excluding the cases in which various elements of 

B may determine the same element of A).t 
The b” power of a, a’, where a and 6 are the cardinal numbers of any two 
classes A and B, is then defined as the cardinal number of A”. Clearly 
a’a’ = a’*’ , (a’)’ = a”, and (ab) = ab’. : 


In this way Cantor has constructed an artificial algebra of the cardinal num- 
bers, analogous to the algebra of the ordinal numbers, but resembling much more 
closely the familiar algebra of the finite integers. ; 

Perhaps the most famous result obtained in this algebra is the formula § 

ca ?*, 


where c stands for the cardinal number of the continuum, and 2®" is determined 
according to the rule just stated for the powers of cardinal numbers. It becomes 
an important question, therefore, to decide whether 

QR’ — = 


or not (compare §89, end). 


91. In conclusion, it may be well to repeat that when we speak of a cardi- 
nal number, we always mean the cardinal number of some given class; and when 
we speak of an ordinal number, we always mean the ordinal number of some 
given normal series. 


* The question whether every class can be normally ordered was first seeped by Cantor 
in Math. Ann., vol. 21. p 550 (1883); the proof given by Zermelo in Math. Ann., vol. 59, p. 514 
(1904), has not been generally accepted. For the most recent discussion, see the papers cited 
in §84. 

t Zeitschr. f. Phil. u. philos, Kritik, vol, 91, pp. 120-121 (1887); Math, Ann., vol. 46, p. 485 
(1895). 

t Math. Ann., vol. 46, p. 487 (1895). 

§ Math, A an, vol. 46, p. 488 (1895) 
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Whether these new concepts will find important applications in practical 
problems is a question for the future to decide. (The elementary parts of Cantor’s 
work have already proved useful, indeed almost indispensable, in the theory of 
functions of a real variable.) 


INDEX OF TECHNICAL TERMS 


The numerals rejer to the sections. 


Alephs, 89. 


Between, 17. 
Bound (upper and lower), 56. 


Cardinal numbers, 88. 

Class, 1. (See empty, null, finite, infinite, 
denumerable, simply and multiply or- 
dered, normally ordered, equivalent.) 

Classes of numbers, S86. 

Closed (series), 62. 

Consistency (of postulates), 19. 

Continued fractions, 71 (4). 

Continuous (series), 54, 62, 67. 

Continuum, 61, 69. 

Correspondence (of classes), 3. 

(of series), 16. 

Covering, 90. 


Decimal fraction, 19 (9). 
Dedekind’s postulate, 21, 54, 62. 
Dense (series), 41, 54, 62. 
Dense-in-itself (series), 62. 
Denumerable (class), 37. 

— (series), 41. 
Dimensionality, 67-71. 
Discrete (series), 21, 26. 
Distinct (elements), 2. 


Klement (of a class), 1. (See distin-t, equal, 
first, last, rational, irrational, prin- 
cipal, limiting.) 

Empty (class), 1. 

Equal (elements), 2. 

Equivalent (classes), 88 


Finite (classes), 7, 27. 
(series), 27. 
—— (numbers), 86, 88. 


First (element of « series), 17. 
Fraction, See proper, decimal, ternary, con- 
tinued. 
Framework (of a continuous seris), 59, 67. 
Fundamental (segment), 46. 
= (sequence), 62. 
Independence (of postulates), 20. 
Infinite (classes), 7, 27. 
(numbers), S6, 8S. 
Integral (numbers), 22, 63 (3). 
Irrational (elements) 59. 
(numbers), 63 (3). 
(points), 71. 


Last (element of a series), 17. 

Less than, 81 (6), SS. 

Limit, 49, 56, 74. 

Limiting element (of a normal series), 74. 
Linear (continuous series), 54. 


Multiply ordered (class), 72. 


Natural numbers, 19 (1), 36. 

Normal (series), 74. 

Normally ordered (class), 74. 

Null (class), 1. 

Numbers, 63 (3). (See integral, fractional, 
rational, irrational, real, cardinal, or- 
dinal, transfinite.) 

Numeration, 30. 


Operations, 11, 53, 65. 
on the natural numbers, 32, 35. 
on the transfinite numbers, 86, 90. 
Order, 12, 16, 72. 
Ordinal numbers, 86. 
Ordinally similar (series), 16. 


Part (of a class), 6. 
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Perfect (series), 62. 

Postulates, 12, 21, 41, 54, 74, 85. 

—— consistency of, 19. 

—— independence of, 20. 

Powers (of numbers). See operations. 
Predecessor, 17. 

Principal (element of a series), 62. 
Products. See operations. 
Progression, 24, 85. 

Proper fraction, 19 (5). 


Rational (elements), 59. 
-~— (numbers), 63 (3). 

—— (points), 71. 

Real (numbers), 63 (3). 

Regression, 25. 

Relation, 11, 12, 13. 


Section (of a continuous series), 68. 
Segment, 47. 
—— (fundamental), 46. 
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Segment (upper and lower), 47. 

—— (of a normal series), 81. 

Sequence, 62. 

Series, 12. (See discrete, dense, denumer- 
able, continuous, linear, finite, closed, 
dense-in-itself, perfect, normal, sim- 
ilar.) 

Similar (series), 16. 

Simply ordered (class), 12. 

Skeleton (of a series), 59. 

Subclass, 6. 

Successor, 17. 

Sums. See operations. 

Svstem, 11. 


Ternary fra ‘tions, 52 (3). 

Transfinite numbers, 86, 88. 

Type w, 24, 85; —*w, 25; —*w + w, 26; — 2, 
44;— 6, 61, 62; — &, 69; — w, 78, $3, 
85; — Q, 83. 

Types of order, 16. 


A bibliography of Cantor’s writings on these subjects will be found under §73. 


Harvarp UNIVERSITY, 
CAMBRIDGE, Mass, 
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A PROBLEM IN ANALYTIC GEOMETRY WITH A MORAL 
By Maxime BOcHER 


ALTHOUGH the problem which I propose to treat is of a very elementary 
character, the result is not without elegance. My object in publishing this 
paper is less to make a modest contribution to geometrical knowledge (in fact 
it seems quite incredible that the results here obtained should be new) than 
to use this problem to point a moral which I feel sure is much needed by 
many mathematical students, and perhaps by some who no longer regard 
themselves as students. Anyone who reads this paper will doubtless feel 
sure that he would have been able to solve the problem correctly himself, as 
nothing but the most elementary methods are employed. If, as I strongly 
advise him to do, he tries to solve the problem without looking at §§2, 3 of 
the present paper, he may be of another opinion. It is only when used in 
this way that the paper can be of any real service. 


1, The problem and the method of solving it. The problem we 
wish to treat is the determination of all non-degenerate conics which intersect 
at right angles a given real equilateral hyperbola at all points (real or im- 
aginary) where they meet it. We will take as coordinate axes the principal 
axes of the equilateral hyperbola, and as unit of length its semi transverse 
axis. The equation of the hyperbola is then : 


(1) a y®—-1l=0. 
Consider a second conic 
(2) Ax? + 2Bhsey + Cy? + 2Dxr4+ 2Ey + F=0, 
which is ultimately to be so determined that it cuts (1) at right angles, but 
which for the moment we regard as arbitrarily given. 
Let us first determine the locus of a point /? whose polars with regard to 


(1) and (2) are perpendicular. If (2,, y,) are the coordinates of P, the 
polars in question are 


(5) me —yy—1=0, 


(4) (Az, + By, + Dye + (Ba, + Cy, + B)y + (Dx, + Fy, + PF) =090; 
(44) 














| 











A PROBLEM WITH A MORAL 45 





\ and the necessary and sufficient condition that (3) and (4) be perpendicular 
is: 
(Ax, + By, + D)x, — (By + Cy, + F)y, = 0. 
Dropping the subscripts and rearranging the terms we see that the desired 
I locus is the conic: 


(5) Ax? — Cy? + Dae — Ey = 0. 


Now the necessary and sufficient condition that (2) cut (1) at right angles is 
that the locus (5) pass through all the points of intersection of (1) and (2) ; 
or in other words, that the conics (1), (2), (5) be members of a pencil, ¢. e. 
that it be possible to express one of them in the form u + A v = 0, where u=0 
and » = 0 are the equations of the other two. 

It is at this point that the reader is advised to lay aside this paper and 
work out the problem for himself. 





2. The solution. It is clear that if (2) cuts (1) at right angles, they 
cannot coincide, and therefore they determine a pencil. Denoting the first 
members of the equations (1), (2), (5) by u, v, w respectively, the necessary 
1 and sufficient condition that (5) belong to this pencil is that two constants a, 
B exist such that aw + Br = wv. Equating the coefficients of like terms on the 
| two sides of this identity, we are led to the following equations : 





a+ AB= A, 
2BB = 0, 
(6) —a+CB=-C, 
2DB = D, 
| 2EB =— E, 
—~a+FR=0. 

We must determine all sets of values (not all zero) of A, B, C, D, FE, F 
which permit of the determination of two constants a, 8 such that the equa- 
tions (6) are satisfied. 

The second of these equations tells us that either 8 = 0 or B= 0. These 


two possibilities must be considered separately. 
I.8=0. Here the sixth equation (6) gives a = 0, and the remaining 





equations give 


A=C= D= E=0. 








pomaeesay 


~ — 


spamdipapnannentes diesen 
eee eet od 


a ae ae TE SE NN ERIN 


2 PS Ser 


RE ST EE, PRES OT SSNS 









46 BOCHER [October 


The equation (2) then has the form: 
2Buy+ F= 9, 
and, since this is to be a non-degenerate conic, 2 4 0, and we may write this 
equation in the form : 
(7) xy =. 
This is a first family of conics which all cut (1) at right angles. They are 
the equilateral hyperbolas whose axes are the asymptotes of (1). 
II. 8 + 0. The fourth and fifth equations (6) may be written: 
D(2B — 1) =9, E(28 +1)=0, 
and we distinguish three cases : 
Il(a): B=4; (6): B=—4$: U(e): B44}. 
We will consider these cases in succession. 
Il(a). B= 4. The second and fifth equations (6) now give: 
B=E=—0. 
The first, third, and sixth equations may be written : 
A = 2a, ( = ja, #” = 2a. 
Accordingly (2) may be written : 
2a(a? + gy? + 1) + 2Dr = 0. 

Since this is to be a non-degenerate conic, a 4 0, and we may write this 
equation in the form : 

(8) 3a + y® +e + 3=0. 

This is a second family of conics which cut (1) at right angles. They are all 
the ellipses of eccentricity ¥2/3 which pass through the two imaginary points 
(0, + ¥ — 3) and whose minor axes are parallel to the transverse axis of (1). 


Il(4). B=— 4. This case is quite like the previous one, and gives as a 
third family of conics which cut (1) at right angles : 
(9) a? + By? Ay —3 = 0. 


These are all the ellipses of eccentricity V2/3 which pass through the points 
(+°¥3, 0) and whose major axes are parallel to the transverse axis of (1). 
Il(c). B #90,8B 444. Here we have 


B=D=E=0, 
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while from the first, third, and sixth of equations (#) we find, by letting 
= — 1/8, that equation (2) takes the form 


a? ¥ 
(10) ci *rz—i** 
a fourth family of conics, from which however the conic } = 0 must be ex- 
cluded,* which cut (1) at right angles. These are all the conics (ellipses and 
hyperbolas) which are confocal with (1) and different from it. 

Thus we have finally the result ; 

The necessary and sufficient condition that a non-degenerate conic cut (1) at 
right angles atall points of intersection is that it belong to one of the one param- 


eter families (7), (8), (9), (10). 


3. The Moral. The lesson to be drawn from this problem, as the 
reader who has worked it through for himself has probably already noticed, is 
that unknown constants may have the value zero and that it is unsafe to 
divide by them until we have assured ourselves that this is not the case. 
Thus at the very start the fact that the three conics (1), (2), (5) forma 
pencil is expressed most generally by writing 

’ 
put+qtrw=0d0 

where p, 7, r are constants not all three zero. By dividing through by p, q, r 
respectively this may be put in any one of the following forms : 

By + yyw =u, 

at + yw=?, 

au+ Bv =w. 
The last of these is the form we used. The first two, which seem at first sight 
equally general, will not do for our purposes since p and q are both zero in 
the case we have numbered I. If we had started from either of these first two 
forms we should therefore have obtained only a part of the solution of our 
problem ; and it should be noticed that what we should lose (viz. case I) is by 
no means a “special case,” but is a case of exactly the same degree of gener- 
ality as the cases II(a), I1(6), 11(c) which we should obtain. 





* Strictly speaking the two conics \ = + 2 must also be omitted since we have assumed 
B +44. These two curves, however, do cut (1) at right angles since they are included in 
the families (8) and (9) respectively. 
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The same remarks apply to the discussion of equations (6). We must not, 
for instance, overlook the possibility that 28 + 1=0, nor must we suppose 
that if we do overlook it we are merely omitting a “special,” that is, a more 
or less exceptional case. 

4. Generalizations. The method here explained can be applied to 
the general problem of determining all conics which cut any given conic at 
right angles, and in space, of determining all quadric surfaces whichcuta given 
quadric surface at right angles. In such general cases the difficulties, or rather 
the necessity for care, become much greater; but no essentially new point is 
involved. A systematic working through of this problem, including a geo- 
metrical discussion of the families of curves and surfaces obtained, would serve 
as an excellent subject for an undergraduate thesis for an ambitious student, 
provided the temptation of publication could be withstood. 

An easy and interesting special case is the determination of all conics 
which cut a parabola, say 7? = 42x, at right angles. It will be found that there 
are three one parameter families of such conics. 
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